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Chapter A |||| A.1 INTRODUCTION, DESCRIPTIVE STATISTICS, R AND

DATA VISUALIZATION

This appendix chapter holds a collection of formulas. All the relevant equations from def-
initions, methods and theorems are included — along with associated R functions. All are
in included in the same order as in the book, except for the distributions which are listed
together.

A1

Introduction, descriptive statistics, R and data

visualization

Description

Formula

R command

1.4

Sample mean
The mean of a sample.

mean (x)

1.5

Sample median

The value that divides a sam-
ple in two halves with equal
number of observations in
each.

for odd n

———2— forevenn

median(x)

1.7

Sample quantile

The value that divide a sam-
ple such that p of the obser-
vations are less that the value.
The 0.5 quantile is the Me-
dian.

X(up) T X (np+1)
_ 2
qpr =

X(np1)

for pn integer

for pn non-integer

quantile(x,p,type=2),

1.8

Sample quartiles

The quartiles are the five
quantiles dividing the sample
in four parts, such that each
part holds an equal number of
observations

Qo = go = “minimum”

Q1 = qo25 = “lower quartile”
Q2 = go5 = “median”

Qs = go75 = “upper quartile”

Qs = ¢1 = "maximum”

quantile(x,
probs,type=2)

where

probs=p

1.10

Sample variance

The sum of squared differ-
ences from the mean divided
by n —1.

var (x)

1.11

Sample standard deviation
The square root of the sample
variance.

sd(x)

1.12

Sample coefficient of vari-
ance

The sample standard devia-
tion seen relative to the sam-
ple mean.

sd (x) /mean (x)

1.15

Sample Inter Quartile Range
IQR: The middle 50% range of
data

IQR = Q3 =

IQR(x)
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Description

Formula

R command

Sample covariance

118 | Measure of linear strength of | sy, = -5 Y70, (xi — %) (y; — ) cov(x,y)
relation between two samples
Sample correlation
Measure of the linear strength s i )

119 B = (55) (5D =22 | cortup

of relation between two sam-
ples between -1 and 1.
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A.2 Probability and Simulation

Description

Formula

R command

2.6

Probability density function
(pdf) for a discrete variable
fulfills two conditions: f(x) >
Oand ) .y, f(x) = 1and finds
the probality for one x value.

dnorm,dbinom, dhyper,
dpois

29

Cumulated distribution
function (cdf)

gives the probability in a
range of x values where
P(a < X <b)=F(b)—F(a).

pnorm,pbinom, phyper,
ppois

2.13

Mean of a discrete random
variable

2.16

Variance of a discrete ran-
dom variable X

2.32

Pdf of a continuous random
variable

is a non-negative function for
all possible outcomes and has
an area below the function of
one

2.33

Cdf of a continuous random
variable

is non-decreasing
and  limy_,_o F(x) =
0and limy ;o F(x) =1

2.34

Mean and variance for a con-
tinuous random variable X

2.54

Mean and variance of a linear
function

The mean and variance of a
linear function of a random
variable X.

E(aX+b) =aE(X)+b
V(aX +b) = a*V(X)

2.56

Mean and variance of a linear
combination

The mean and variance of a
linear combination of random
variables.

E(m X1 +aXo+ -+ a,X,) =

m E(Xq1) +mE(X2) + - - +a, E(Xy)
V(a1 Xy +aXo + ...+ a,Xy) =

BV (Xy) +ai V(X)) + -+ a2 V(X,)
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Description

Formula

R command

2.58

Covariance
The covariance between be

two random variables X and
Y.

Cov(X,Y) = E[(X — E[X])(Y — E[Y])]




Chapter A ||| A.2 PROBABILITY AND SIMULATION

A21

Distributions

Here all the included distributions are listed including some important theorems and definitions

related specifically with a distribution.

Description

Formula

R command

Binominal distribution
n is the number of indepen-
dent draws and p is the prob-

dbinom(x,size, prob)
pbinom(q,size, prob)
gbinom(p,size, prob)

2.20 | ability of a success in each <x rbinom(n size, prob)
draw. The Binominal pdf de- n n! SIZE P
. - where = where
scribes the probability of x X x!(n — x)! _
size=n, prob=p
succeses.
Mean and variance of a bino- u=np
2.21 | mial distributed random vari- 2 = np(1—p)
able. LA 4
Hypergeometric distribution | f(x;n,4,N) = P(X = x) dhyper (x,m,n,k)
n is the number of draws (a)(N,a) phyper(q,m,n,k)
204 without replacement, a is X anx ghyper (p,m,n,k)
' number of succeses and N is () rhyper (nn,m,n, k)
the population size. where (ﬂ) _ a! where
b b!(a —b)! m=a, n=N —a, k=n
Mean and variance of a hyper- | ; — n
2.25 | geometric distributed random N
. by a(N—a)N —n
variable. - =n
N N-1
Poisson distribution dpois(x,lambda)
A is the rate (or intensity) i.e. ppois(q,lambda)
X . l
207 the zflverage number .Of events FlxiA) = AT A qp0}s (p,lambda)
per interval. The Poisson pdf ! rpois(n,lambda)
describes the probability of x where
events in an interval. lambda=A
Mean and variance of a Pois- w=A
2.28 | son distributed random vari- |
cc=A
able.
Uniform distribution (0 ‘
« and B defines the range of ) orx <« dunif (x,min,max)
POs§ible outcomes. random flxia,p) =\ gz forx € [a,p] punif (q,min,max)
5 55 Var1abl§ f(?llov‘vmg the wuni- 0 forx > qunif (p,min,max)
: form. distribution has . equal 0 for ¥ < runif (n,min,max)
density at any value within a v fa g where
. x,a,p) =< z— forxc |«
defined range. ( A) p-a & p] min=«, max=f3
0 forx >
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the degrees of freedom.

Description Formula R command
Mean and variance of a uni- _ 1( o+ B)
7.3¢ | form distributed random vari- 1
able X. 2 _ —(B—_gx)?
o= (b )
dnorm(x,mean,sd)
d
Normal distribution 1 (v pnzrmiq,m::, Z d;
— = norm m
2.37 | Often also called the Gaussian | f(x; 1, 0) = e 27 E P ’
distribution oV 2T rnorm(n,mean,sd)
' where
mean=y, sd=0.
Mean and variance of a nor- "
2.38 | mal distributed random vari- 2
able.
Transformation of a normal
distributed random variable X—u
2.43 i i 7 =
X into a standardized normal o
random variable.
dl s log,sdl
Log-normal distribution IEZiZEX zzzlzg zdlzg;
« is the mean and ﬁ2 is the 1  (nx—a? plnorm(q’meanlog’sdlog)
2.46 | variance of the normal distri- | f(x) = et e ¥ ql (p, anlog, a g)
bution obtained when taking xv2mp ;hr;:erm mame §,8¢208
the natural logarithm to X.
meanlog=x, sdlog=f.
Mean and variance of a log- u= B2
normal distributed random 2 m
2 2
2.47 | variable. 0% =P (ef — 1)
dexp(x,rate)
R pexp(q,rate)
» 48 | Exponential distribution FlxiA) = Ae™* forx >0 qexp(p,rate)
A is the mean rate of events. 0 forx<O rexp(n,rate)
where
rate=A.
. 1
Mean and variance of a ex- | u = 1
249 | ponential distributed random 1
variable. o* = 12
dchisq(x,df)
hi ,df
x2-distribution 1 Vs 1:1 Zhizggg dfi
2.78 v - i i X) = x2 ez, x>0 ’
I (%) is the T-function and v is f(x) 25T (3) rehisq(n.df)

where
df=v.
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Description

Formula

R command

2.81

Given a sample of size n from
the normal distributed ran-
dom variables X; with vari-
ance 02, then the sample vari-
ance S? (viewed as random
variable) can be transformed
to follow the x? distribution
with the degrees of freedom
v=n-—1

2.83

Mean and variance of a x? dis-
tributed random variable.

2.86

t-distribution

v is the degrees of freedom
and T'() is the Gamma func-
tion.

2.87

Relation between normal
random variables and x?-
distributed random variables.
Z ~N(0,1)and Y ~ x*(v).

dt (x,df)
pt(q,df)
qt(p,df)
rt(n,df)
where
df=v.

2.89

For normal distributed ran-
dom variables Xj, ..., X,, the
random variable follows the
t-distribution, where X is the
sample mean, y is the mean of
X, n is the sample size and S
is the sample standard devia-
tion.

2.93

Mean and variance of a t-
distributed variable X.

2.95

F-distribution

v1 an vp are the degrees of
freedom and B(-, -) is the Beta
function.

df (x,df1,d4f2)
pf(q,df1,df2)
qf (p,df1,df2)
rf(n,df1,df2)
where

df 1=vy ,df2=p,.

2.96

The F-distribution appears as
the ratio between two inde-
pendent x2-distributed ran-
dom variables with U ~
X*(v1) and V ~ x*(v2).
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Description Formula R command
Xl/---/an and Yl/---/Ynz
with the mean y; and p | o2 /02
298 | and the variance 02 and 02 | 55 ~ F(m —1,mp—1)
. S35/03
is independent and sampled
from a normal distribution.
1%
U= L. ; v > 2
2 101| Mean and variance of a F- v —2

distributed variable X.

o= 21/%(1/1 —+ 1 —2) )
vi(ra —2)2(va—4)’

v, >4
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A.3 Statistics for one and two samples

test by the critical value

accept: otherwise

Description Formula R command
35 | The distribution of th'e mean | ¢ _ 1 Zn: X; ~ N ( 0, ‘T: )
of normal random variables. n.= n
The distribution of the o- X—u
3.4 | standardized mean of normal | Z = oI N (0,17)
random variables
The distribution of the S- X—u
3.4 | standardized mean of normal | T = S/ Jn ~t(n—1)
random variables
S
SE; = —
3.6 | Standard Error of the mean T
3.8 The one sample confidence in- Tt u- 5
terval for p Vn
3.13 | Central Limit Th CLT X~ p
. entral Limit Theorem ( ) o/
» | (n—=1)s* (n—1)s?
Confidence interval for the 7 2 Tx2
. ] 1—a/2 /2
3.18 | variance and standard devia- : 7
tion U:[\/(”z_l)s;\/(”—zl)sl
Xi-a/2 Xuy2
The p-value is the probability of obtain-
ing a test statistic that is at least as ex-
treme as the test statistic that was actu-
3.21 - =2(1- _
The p-value ally observed. This probability is calcu- P(T>x)=2(1-pt(x,n-1))
lated under the assumption that the null
hypothesis is true.
p-value =2 - P(T > |tops|)
322 The one-sample t-test statistic fope = X — Mo
and p-value s/\/n
Ho: p=po
. Rejected: p-value < «
3.23
The hypothesis test Accepted: otherwise
3.28 | Significant effect An effect is significant if the p-value< «
The critical values: a/2- and
1 — a/2-quantiles of the t-
3.30
distribution with n — 1 de- faj2 and t1a/2
grees of freedom
331 The one-sample hypothesis | Reject: |tobs| > 142
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Description

Formula

R command

X+t o

3.32 | Confid interval f
ontidence Intervatior y acceptance region/CL: Hy: = o
Test: Hy : p = poand Hy : u # po by
3.35 | The level a one-sample t-test p -Yalue =2 P(T > |fous))
Reject: p-value < & or |tops| > t1_a/2
Accept: Otherwise
The one-sample confidence
3.62 | interval (CI) sample size for- | n = (%)2
mula
3.64 The one-sample sample size " — (Uzl,ﬁz],a /2>2
formula (Ho=p1)
The Normal g-q plot with naive approach: pi = i, i =1,...,
- . _ =05 i _
341 0> 10 commonly aproach: p; = 5%, i =
1,...,n
The (Welch) t le ttest | 0127
348 e'(.ec ) two-sample t-tes Hy: 6 = 6y
statistic foo— (¥1—%2)—do
obs \/53/m1+s3/ny
T _(%1-%)-d
\/S?/n1+52
3.49 The distribution of the 1!11; 2£n2
' (Welch) two-sample statistic _ (ﬁ*%)
V= (s%/nl)2 (s%/nz)2
np—1 ny—1
Test: Hy : u1 — p2 = dpand Hy : pqg —
3.50 | The level a two-sample t-test #2 .# % by p-value =2 P(T > [taps|)
Reject: p-value < & or |tops| >t g2
Accept: Otherwise
351 The pooled two-sample esti- 2= (n1—1)s2+(n—1)s3
mate of variance P nmtny =2
The pooled t le trtest | o /112
350 e pooled two-sample t-test | ;.5 _ 5
statistic b — (%1—%2)—dp
obs — \/$3/m1+s%/na
353 The distribution of the pooled _ _(X-X)-d&
two-sample t-test statistic V/Sp/mS/m
- s3 s3
X—Fxtwpn-\ 3 +5
3.46 Tlle tvir(f)—sample confidence ( 3.4 )2
interval for p1 — pp _ \mTm)
]/l ]/l vV = (s%/nl)z (5%/,[2)2

ny—1 np—1
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A.4 Simulation based statistics

Description Formula R command
The non-linear approximative af \ 2

43 PP U]%(X LX) = Lisl <%> o7
error propagation rule 170K i

I ) 1. Simulate k outcomes

44 Non.— 1near‘ eITor Propagation |  (,jcylate the standard deviation by

by simulation i T ~
SF(X1,Xn) — \/m Yiea(fi—f)

Confidence interval for any | 1.Simulate k samples

4.7 | feature 6 by parametric boot- | 2.Calculate the statistic
strap 3.Calculate CI: [‘ﬁoo(a/z)%' ‘7;00(17«/2)%}
Two-sample confidence inter- | 1 gimylate k sets of 2 samples

4.10 val for any feature compar- | 5 Cajcylate the statistic é;k — 9;k

ison 6; — 6, by parametric
bootstrap

3.Calculate CL: [qiﬁoo(a/z)%' ‘71‘00(1—”2)%}
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A.5 Simple linear regression

12

Description Formula R command
B = i1 (Yi = Y)(xi — %)
Sxx
54 | Least square estimators Bo=Y—pix
where Syy = Y1 (x; — %)?
2 522
- o o
A% = —
[Bo] = -+ S
N 0.2
5.7 | Variance of estimators V[B1] = .
XX
PO xo?
COV[‘BO,‘B]] - - S
XX
_ Bo—Bop
. Tp, = S
517 | Tests statistics for Hy : Bo =0 TBo
and Hp: 1 =0 B1 — Bo
Tﬁ1 =
0'51
Test Ho,; : Bi = Po,i vs- Hi,i = Bi # Po,i
with p-value = 2 - P(T > [tobsg,]) D <- data.frame(
513 - _ Bi—Boi x=c(), y=cO)
Level « t-tests for parameter where tops g, = B fit <- 1m(y~x, data=D)
If p-value < a then reject H, summary (£it)
otherwise accept Hy
- tore | BoEti_as 6
514 Parameter confidence inter r[f 1-a/2 A/So confint (£it,level=0.95)
vals ﬁq + tlfuz/Z 0'/31
predict(fit,
Confidence interval for the line: I,lerat azdﬁta' fl,”ame O ;
. interval="confidence",
. . L. . 3 3 5./ 1 (Xnew—%) -
517 | Confident and prediction in- Po + P1Xnew £ t1—a/20\/ 5 + 57 level=0.95)
. torval Interval for an int prediction: predict(fit,
ntervatfor a hew pomt prediction: newdata=data.frame(),
B + Brx Tt o1+ L+ (Ynew —%)? interval="prediction",
Pot Prtnew & b2 \/ " = level=0.95)
. . A XTX 71XTY
The matrix formulation of B=( )
; : 5 2 vTyy\—1
5.00 tie Raramete?r estlmators. in | V[B] = (X" X)
the simple linear regression o RSS
model v =17
Coefficient of determination 2 _1_ Lilv )2
R? - Li(yi—7)?

524
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Description

Formula

R command

57

Model validation of assump-
tions

> Check the normality assumption with
a g-q plot of the residuals.

>Check the systematic behavior by
plotting the residuals e; as a function of
fitted values 7;

qqnorm(fit$residuals)
qqline(fit$residuals)

plot(fit$fitted.values,
fit$residuals)
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A.6 Multiple linear regression

Description

Formula

R command

Test Hy; : Bi = Po,i vs. Hii = Bi # Po,i
with p-value = 2- P(T > [tops ;)

D<-data.frame(xl=c(),
x2=c() ,y=c())

6.2 | Level a t-tests for parameter | where tobs B = ﬁl%ﬁ{;m fit <- Im(y~x1+x2,
If p-value < « the reject Hy, data=D)
otherwise accept Hy summary (fit)
Parameter confidence inter- | ,
6.5 Bitti_ass Op, confint (fit,level=0.95)
vals :
predict(fit,
. . . newdata=data.frame(),
(;onflflent interval forAthe line interval="confidence"
. e x e X -
Confident and prediction in- Pot Pr¥inew + -+ PpXpnew level=0.95)
6.9 . predict(fit,
terval (in R) . .
Interval for a new point prediction newdata=data.frame(),
BO + ‘lel,mW 4+ 4 Bpxp/new + Enew interval="prediction",
level=0.95)
A (vTx\-1xT
The matrix formulation of p=XX)" XY
: : A 2 (v Ty —1
617 | the para.mete‘r estlmators‘ in | V[B] = (X" X)
the multiple linear regression Az RSS
0= ———
model n—(p+1)
Backward selection: start with full
6.16 model and stepwise remove insignifi-

Model selection procedure

cant terms
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A7

Inference for proportions

test

El]

Reject if x2,. > x3_,((r—1)(c—1))
Otherwise accept

Description Formula R command
73 Proportion estimate and con- p=1 prop.test(x=, n=,
' fidence interval ptz1_as ﬁ(ln—l’) correct=FALSE)
710 Approximate proportion with 7 _Xom N (0,1)
Z npo(1=po)
Test: Hy : p = po, vs. H1 : p # po
The level a one-sample pro- by p-value =2 PZ(Z > |Zobs|) prop.test(x=, n=,
74 ortion hypothesis test where Z ~ N(0,1) rrect=FALSE)
P YP If p-value < a the reject H, correc
otherwise accept Hy
Guessed p (with prior knowledge):
713 | Sample size formula for the CI | n = p(1 — p) (=2 )2
of a proportion Unknown p:
n = 1(21*7”‘/2)2
4\ "ME
Difference of two proportions | . pr(1—p1) | pa(1—p2)
. ~ ~ d £ Uﬁl—ﬁz = \/ n -+ ™
715 estimator p1 — pp ana confi-
dence interval for the differ- | ,, R
ence (Pr = P2) £ 21-a/2 - Opr—p,
Test: Hy : p1 = p2, vs. Hy : p1 # p2
by p-value =2 - P(Z > |zops]) o
7.18 | The level « one-sample t-test | where Z ~ N(0,1?) pr:;::ii;}’dsgg ’
If p-value < a the reject Hy,
otherwise accept Hy
790 The multi-sample proportions | Test: Ho: p1 =p2 = ... = Pe=p chisq.test(X,
' )(z-test by ngs = 21.2:1 2]?:] (0”8_76’]) correct = FALSE)
ij
Test: Hy : pi1 = pio = ... = Pic = Pi
™ c ble +2 forallrowsi=1,2,...,r :
e r X ¢ trequency table x~- (0ji—e;j)? chisq.test (X,
722 TR E AT by A = T Ky 5 2

correct = FALSE)
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A.8 Comparing means of multiple groups - ANOVA

Description Formula R command
k n;
> ) (vii— Z Z Yij — 7i)?
i=1j=1 i=1j=
go | One-way ANOVA variation SST SSE
' decomposition koo
Z ni(y i
i=1
SS(Tr)
_ SSE __ (m=1)st4-+(m—1)s}
8.4 Ci)r}le‘—way within group vari- MSE =% = -k
abilit _
Y Sz‘2 = n11—1 Z; (yl] yi)z
H(): IXZ‘ZO,' 121,2,. ,k,
i . . _ SS(Tr)/(k—1)
8.6 One-way test for difference in | F “SSE/ =R anova(1n(y~treatm))
mean for k groups
F-distribution with k — 1 and n — k de-
grees of freedom
4t /SSE ( 41 )
8.9 Post hoc pairwise confidence JimYi=hear "
: intervals If al M = k(k—1)/2 combinations,
then use agonferroni = &/ M
Test: Ho : pj = pjvs. Hy: pi #
by p-value = 2 P(T > [tops])
g10 | Post hoc pairwise hypothesis where o = ——2 0
tests \/MSE<%.+%].>
Test M = k(k —1)/2 times, but each
time with agonferron; = &/ M
Least Significant Difference
8.13 — V2 -
(LSD) values LSDy = ti-a/2v2- MSE/m
k1
> (yij—
i=1j=1
\/_-/
SST
ko1 X ,
300 | Two-way ANOVA variation X; Z;(]/ ij — & = By = )+
. i=17=
decomposition ! .
SSE
£ Lo
1-Y a7 +k-) b;
i=1 j=1
H/_/
SS(Tr) SS(BI)
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Description

Formula

R command

H(),Tri CKZ'ZO, i:1,2,...,k

SS(Tr)/ (k — 1)

. . . F —
Test for difference in means ?n Tr SSE/(k—1)(I —1)) fit< 1m(y-treatm+block)
8.22 | two-way ANOVA grouped in o 0 i—12 ] (£it)
treatments and in blocks opi: pj=0 =12, anovattt
_ SS(Bl)/(I—-1)
B SSE/((k—1)(1—1))
One-way ANOVA
Source of | Degrees of | Sums of | Mean sum of Test- p-
variation | freedom squares | squares statistic F value
Treatment | k — 1 SS(Tr) | MS(Tr) = S0 | o = MU0 | p(p > Fup)
Residual | n—k SSE MSE = 35&
Total n—1 SST
Two-way ANOVA
Source of | Degrees of Sums of | Mean sums of Test p-
variation | freedom squares | squares statistic F value
Treatment | k — 1 SS(Tr) | MS(Tr) = S0 | g = MU | p(p > Fy)
Block 1—1 SS(BI) | MS(BI) = 5B | pp = M) | p(F > Fy)
Residual | (I —1)(k—1) | SSE MSE = %
Total n—1 SST
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Glossaries

cumulated distribution function [Fordelingsfunktion]The cdf is the function which determines the
probability of observing an outcome of a random variable below a given value 3,

confidence interval [Konfidensinterval] The confidence interval is a way to handle the uncertainty
by the use of probability theory. The confidence interval represents those values of the un-
known population mean u that we believe is based on the data. Thus we believe the true mean
in the statistics class is in this interval

Continuous random variable [Kontinuert stokastisk variabel] If an outcome of an experiment takes
a continuous value, for example: a distance, a temperature, a weight, etc., then it is represented
by a continuous random variable 3

Correlation [Korrelation] The sample correlation coefficient are a summary statistic that can be cal-
culated for two (related) sets of observations. It quantifies the (linear) strength of the relation
between the two. See also: Covariance 2

Covariance [Kovarians] The sample covariance coefficient are a summary statistic that can be cal-
culated for two (related) sets of observations. It quantifies the (linear) strength of the relation
between the two. See also: Correlation 2, 4

Inter Quartile Range [Interkvartil bredde] The Inter Quartile Range (IQR) is the middle 50% range
of data 1

Median [Median, stikprevemedian] The median of population or sample (note, in text no distin-
guishment between population median and sample median) 1

probability density function The pdf is the function which determines the probability of every pos-
sible outcome of a random variable 3,

Quantile [Fraktil, stikprovefraktil] The quantiles of population or sample (note, in text no distin-
guishment between population quantile and sample quantile) 1

Quartile [Fraktil, stikprovefraktil] The quartiles of population or sample (note, in text no distin-
guishment between population quartile and sample quartile) 1

Sample variance [Empirisk varians, stikprevevarians] 1
Sample mean [Stikprovegennemsnit] The average of a sample 1

Standard deviation [Standard afvigelse] 1
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Acronyms

ANOVA Analysis of Variance Glossary: Analysis of Variance

cdf cumulated distribution function Glossary: cumulated distribution function
CI confidence interval Glossary: confidence interval

CLT Central Limit Theorem Glossary: Central Limit Theorem
IOR Inter Quartile Range Glossary: Inter Quartile Range
LSD Least Significant Difference Glossary: Least Significant Difference

pdf probability density function Glossary: probability density function
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